Abstract. Let M be a finitely generated graded module over a Noetherian homogeneous ring R with local base ring (R 0 , 0 ). Then, the n-th graded component H i R+ (M ) n of the i-th local cohomology module of M with respect to the irrelevant ideal R + of R is a finitely generated R 0 -module which vanishes for all n 0. In various situations we show that, for an 0 -primary ideal
¡ 0 ⊆ R 0 , the multiplicity e¢ 0 (H i R+ (M ) n ) of H i R+ (M ) n is antipolynomial in n of degree less than i. In particular we consider the following three cases: a) i < g(M ), where g(M ) is the so called cohomological finite length dimension of M ; b) i = g(M ); c) dim(R 0 ) = 2. In the cases a) and b) we express the degree and the leading coefficient of the representing polynomial in terms of local cohomological data of M (e.g. the sheaf induced by M ) on Proj(R). We also show that the lengths of the graded components of various graded submodules of H i R+ (M ) are antipolynomial of degree less than i and prove invariance results on these degrees.
Introduction
Throughout this paper we use the following notation.
1.1. Notation and Convention. A) Let R = n∈£ 0 R n be a Noetherian homogeneous ring with local base ring (R 0 , ¤ 0 ). So R 0 is a Noetherian ring and there are finitely many elements l 1 , . . . , l r ∈ R 1 such that R = R 0 [l 1 , . . . , l r ]. Let R + := n∈£ R n denote the irrelevant ideal of R and let C) For i ∈ 0 and for any ideal F) If ∅ = P ⊆ Spec(R 0 ), we write min P for the set of all minimal members of P with respect to inclusion.
In this paper we are interested in the graded components H i R + (M ) n of the i-th local cohomology module H i R + (M ) of M with respect to R + . In geometric terms, we aim to study the Serre cohomology modules H i−1 (X, F (n)) of the projective scheme X = Proj(R) with coefficients in the n-th twist F (n) of the coherent sheaf of O Xmodules F = M induced by M (cf. [B] ). It is well known that the R 0 -module H i R + (M ) n is finitely generated for all n ∈ £ and vanishes for all sufficiently large values of n (cf. Proposition 15.1.5] ). On the other hand not much is known in general on the asymptotic behaviour of the R 0 -module H i R + (M ) n if n tends to −∞, except that this behaviour may be unexpectedly complicated (cf. [B-K-S] , [K-S] , [Si-Sw] ). In this paper, we aim to study the mentioned asymptotic behaviour from the point of view of numerical invariants.
If dim(R 0 ) = 0, this asymptotic behaviour is well understood. In this case the graded R-module H Instead of the length one also could think on the minimal number of generators as a numerical invariant and consider
• the function given by n → length R 0 (H
If dim(R 0 ) = 1, the four numerical functions mentioned above are antipolynomial of degree less than i (cf. Theorem 3.5] ). Moreover in this case, the first HilbertSamuel coefficient of the R 0 -module H i R + (M ) n is antipolynomial in n of degree less than i, whereas the corresponding postulation numbers have a common upper bound (cf. Theorems 3.1 and 3.3] ). In the present paper we shall see that the degrees of the polynomials which represent the functions n → length R 0 (0 : 
(The fact that the graded R-module H
(M ) n is K-Artinian for arbitrary local base ring R 0 has been shown independently by Rotthaus and Şega (cf. [Ro-Se, Theorem 2.1]).) To return to the case dim(R 0 ) = 1 let us notice that we do not give a general description of the degrees and the leading coefficients of the representing polynomials of the above four numerical functions.
In the case dim(R 0 ) = 2, the situation changes drastically. Here, the graded Rmodules (0 : [u, v] where x, y, u, v are indeterminates over K. Define a grading on S by setting deg(x) = deg(y) = 0 and deg(u) = deg(v) = 1. Let f := 2x 2 v 2 + 2xyuv + y 2 u 2 and set R := S/f S. Notice that f is homogeneous of degree 2 and R is a Noetherian homogeneous ring whose base ring R 0 is regular local and of dimension 2. According to Katzman and Sharp, for each n < 0
This example somehow covers all the bad cases that are to be expected if dim(R 0 ) = 2. We namely prove (cf. Theorem 5.7):
Under fairly mild additional hypotheses on R 0 , this result finds a natural extension to the case dim(R 0 ) > 2 (cf. Theorem 5.9). Also, if dim(R 0 ) = 2 and x ∈ ¤ 0 is ¤ 0 -filter regular with respect to H i R + (M ) n for all n 0, the function given by n → length R 0 (0 :
is antipolynomial of degree less than i (cf. Proposition 5.4). It should be noted that here the graded R-module (0 :
need not be Artinian (cf. Remark 5.5 B)). Moreover we shall see that the graded R-modules H If R 0 is of arbitrary dimension one still has a chance to study the asymptotic behaviour of some of our numerical functions for special choices of i. We already gave a comment of this type concerning the case i = dim(M/¤ 0 M ). In Section 3 we follow this idea and first study the function
for values of i which are strictly smaller than the cohomological finite length dimension of M , which we define as
If i < g(M ), we shall see that there are isomorphisms Proposition 3.4) . This allows to apply local duality and hence to generalize what has been said on the case dim(R 0 ) = 0 (cf. Theorem 3.6 and Remark 3.7 A)):
is antipolynomial and the degree and the leading coefficient of the representing polynomial may be expressed by local cohomological data of M on Proj(R).
As an application we can show that for arbitrary i, but under some assumption on the supports of the R 0 -modules H i R + (M ) n , the function given by
is antipolynomial with a representing polynomial whose degree and leading coefficient are expressed in terms of local cohomological data of M on Proj(R) (cf. Corollary 3.10). In Section 4 we study the case where i equals the finite length dimension g = g(M ) of M . As a first result we prove that the graded R-module
2) and draw the conclusion that the numerical functions given by
are both antipolynomial of degree less than g (cf. Corollaries 4.3 and 4.4). Now, by a mere use of the Associativity Formula one might conclude that the function given by
is antipolynomial of degree less than g. But we do better and apply the results of Section 3 in order to get a description of the degree and the leading coefficient of the representing polynomial in terms of local cohomological data of M (cf. Theorem 4.11):
The function given by n → e¡ 0 (H g R + (M ) n ) is antipolynomial and the degree and the leading coefficient of the representing polynomial may be expressed by local cohomological data of M on Proj(R).
To reach this goal, we first prove a result on the asymptotic behaviour of the set
As for the unexplained terminology we refer to [E] .
Hilbert-Kirby Polynomials
In this section we give a few preliminaries on Hilbert-Kirby polynomials and some first applications to local cohomology modules.
2.1. Remark. A) Let A = n∈¦ A n be an Artinian R-module. We keep in mind the following fact: B) Let A be as above. Then all the R 0 -modules A n are Artinian and the following statements are equivalent:
the Hilbert-Kirby polynomial of A (cf. [Ki] ).
C) A graded R-module A which is Artinian and satisfies the equivalent conditions (i), (ii) and (iii) of part B) is said to be a graded Artinian module with Hilbert-Kirby polynomial or just a graded K-Artinian R-module. Clearly:
The property of being a graded K-Artinian R-module is inherited by graded submodules and by graded homomorphic images and is preserved under shifting. Moreover one has the following base change property:
2.2. Remark. A) Let N = n∈¦ N n be a Noetherian graded R-module. Then, it is easy to see that the following statements are equivalent:
There is some m ∈ with ¤ m 0 N n = 0 for all n 0. If N satisfies these two equivalent requirements, there is a (uniquely determined) polynomial
the Hilbert polynomial of N .
B) A graded R-module N which is Noetherian and satisfies the equivalent conditions (i) and (ii) of part A) is said to be a graded Noetherian module with Hilbert polynomial or just a graded H-Noetherian R-module. Observe the following facts:
The property of being a graded H-Noetherian R-module is inherited by graded submodules and by graded homomorphic images and is preserved under shifting.
In addition we have the following base change property:
is contained in Var(¤ 0 R). Moreover the degree of the Hilbert polynomial of N is given by the dimension of the projective support of N , thus Then, the so-called Associativity Formula for multiplicities says (cf. Corollary 4.7.9 
For later use let us recall the relation between graded K-Artinian and H-Noetherian modules given by graded Matlis duality.
2.3. Remark. A) (cf. Exercise 13.4.5] , Theorem 3.6 .17]) Let * E := * E R (R/¤ ) be the * injective envelope of the graded R-module R/¤ , and let E 0 := E R 0 (R 0 /¤ 0 ) be the injective envelope of the R 0 -module R 0 /¤ 0 . Moreover, for a graded R-module T = n∈¦ T n and an R 0 -module U , let * D(T ) := * Hom R (T, * E) and D 0 (U ) := Hom R 0 (U, E 0 ) denote the * Matlis dual of T and the Matlis dual of U respectively. Keep in mind that there are isomorphisms of R 0 -modules a)
As the exact contravariant functor D 0 preserves lengths of R 0 -modules, we thus get b) length R 0 ( * D(T ) n ) = length R 0 (T −n ) for all n ∈ £ , and this includes the case where the occuring lengths are infinite. a) The graded R-module T is H-Noetherian if and only if its
C) Let A be a graded K-Artinian R-module. Then A carries a natural structure as a graded R-module. Clearly, as an R-module A is again K-Artinian with length R 0 (A n ) = length R 0 (A n ) for all n ∈ £ . In particular, as an R-module A has the same Hilbert-Kirby polynomial as it has over R. We now take the * Matlis dual of the R-module A and denote it by * D(A). Then according to statements B)b) and A)b) we can say
The graded R-module * D(A) is H-Noetherian with
It thus suffices to show that the R-modules
we may replace R by R, hence assume that R 0 is complete and identify the functors * D and
As * D is contravariant and exact, the monomorphisms of graded R-modules
. If we apply the functor Hom R 0 (•, T ) to the short exact sequence of R 0 -modules
we get an exact sequence of graded R-modules
⊕µ . If we apply the functor * D we thus obtain the following diagram of graded R-modules with exact row and column
and hence allows to conclude by induction.
¡ 2.5. Corollary. Let A be a graded K-Artinian R-module and let 
As * D is contravariant and exact, the epimorphisms of graded R-modules
. This is done similarly as in the proof of Proposition 2.4 on use of the exact sequence (α) of that proof. ¡ 2.7. Corollary. Let A be a graded K-Artinian R-module and let
Proof. According to Remark 2.1 B) there is some m ∈ with
This proves our claim.
¡
Our next theorem is a supplement to the main result of [B-F-T] .
2.8. Theorem. Let i ∈ 0 and assume that dim(R 0 ) ≤ 1. Let
Proof. According to Corollary 2.6 ] the graded R-modules H
So, if we apply Proposition 2.6 respectively Proposition 2.4 we get statements a) and b).
is finite for all n ∈ £ . So, there is some t ∈ with 
Proof. Let T := H 
In this section we introduce the cohomological finite length dimension g = g(M ) of a finitely generated graded R-module M and we study the asymptotic behaviour of the R 0 -modules
3.1. Definition. We define the cohomological finite length dimension g(M ) of M as the least integer i such that the R 0 -module H i R + (M ) n is of infinite length for infinitely many integers n:
3.2. Remark. Clearly g > 0 and:
(Statement d) follows immediately by the flat base change property of local cohomology and by the fact that length
Our next aim is to show that in the range i < g(M ) the R 0 -modules
(M ) n is of finite length for all n ≤ n 0 and all j ≤ i. Then, there are isomorphisms of R 0 -modules
there is an exact sequence of R 0 -modules
is of finite length for all n ≤ n 0 and all j ≤ i. Then: a) For each n ≤ n 0 and each j ≤ i there is an isomorphism of R 0 -modules
. Now, a repeated application of Lemma 3.3 gives our claim. b) Clear by statement a), as the R-modules H j (M ) are Artinian.
As an application we get the announced comparison result, the basic tool needed to prove the main result of this section.
b) The set
is a closed subset of Proj(R) and deg( P ) = dim(S) < i. c) If P = 0, then
is a finite non-empty set and the leading coefficient of P is given by
Proof. a) In view of Corollary 3.5 it suffices to set P := P H i (M ) . b), c) By the flat base change property of local cohomology we have
. This shows that neither g nor P (x) are affected if we replace R and M by R and M respectively. Moreover, if we set
is a homeomorphism (whose inverse is given by
In particular we have dim( R/ ¦ ) = dim(R/¦ ) for all ¦ ∈ F and the flat base change property of local cohomology gives rise to isomorphisms of R ¡ § -modules
The statements (α), (β) show that Φ induces bijections
and hence by statement (β)
So, to prove the remaining claims we may replace R and M by R and M respectively and hence assume that (R 0 , ¤ 0 ) is complete. Now, by Cohen's Structure Theorem for complete local rings there is a polynomial ring R = R 0 [x 1 , . . . , x s ] over a complete regular local ring R 0 and a surjective homomorphism h : R → R of graded rings. We write d := dim(R ) and keep in mind that R (−s) is the *canonical module of R . Now, let Ω := Ext
Then, by the Graded Local Duality Theorem (cf. Theorem 3.6.19] ) and the graded base ring independence of local cohomology we get an isomorphism of graded R-modules
(cf. Remark 2.3 B)a)). Now, let ¦ ∈ Proj(R) and let
Hence by local duality
denotes the functor of taking the Matlis duals over R § . As the functor D is length preserving, we get
As Ω is H-Noetherian, we have Ω § = 0 for each ¦ ∈ Proj(R) with
Together with statement (δ) this proves that
First of all this shows that S is a closed subset of Proj(R). Moreover, by statement (γ) and by Remark 2.2 C)a) we have deg( P ) = dim(S). By the statements (γ), (δ), (ε), by the fact that dim(R/¦ ) = dim(S) + 1 for all ¦ ∈ S 0 and by Remark 2.2 C)b), D)a) we get our claim. Next, we apply Theorem 3.6 to prove a result on the asymptotic growth of the mul-
We first recall a few preliminaries. By e¡ 0 (T ) we shall denote the Hilbert-Samuel multiplicity of T with respect to ¥ 0 . So, if T = 0, the leading coefficient ofP¡ 0 ,T is given by
Then, the so called Associativity Formula for Hilbert-Samuel multiplicities says (cf. Corollary 4.7.8 
3.9. Lemma. Let i ∈ 0 and assume that there is a non-empty set W ⊆ Spec(R 0 )
Proof. By the graded flat base change property of local cohomology there are isomorphisms of R 0 -modules
. Now, we conclude by the Associativity Formula of Remark 3.8 C)a). 
b) In the notation of Theorem 3.6 we have
} is a finite non-empty set and the leading coefficient of Q is given by
Proof. Statement a) is immediate by Lemma 3.9 a). By Theorem 3.6 b) and in the notation of Lemma 3.9 we have deg(
). In view of Lemma 3.9 b) this proves statement b). Now, let ¦ 0 ∈ W 0 and let
Then, by Theorem 3.6 c) we have
] statement c) follows by Lemma 3.9 c). 
Then there is a non-empty set W ⊆ Supp 0 (R 0 ) for which Corollary 3.7 holds.
Proof. By our hypothesis
) n is non-vanishing for infinitely many n < 0 if and only if it is for all n 0. So, for each ¦ 0 ∈ V the above condition (α) is equivalent to the condition 
This shows that dim(H
is not finitely generated}. B) As the R 0 -modules H j R + (M ) n are finitely generated and vanish for all n 0 we also may write a) f = inf{j ∈ 0 |H j R + (M ) n = 0 for infinitely many n < 0}. So, we may say b) f ≤ g with strict inequality if
C) Assume that x ∈ R 1 is a non-zerodivisor with respect to M . Then applying cohomology to the exact sequence 0 → M
Proof. We choose i ≤ g. As the R 0 -modules
(M ) n are finitely generated, it suffices to show that Γ 0 R (H i R + (M )) is Artinian. This we do by induction on i. As H 0 R + (M ) n = 0 for all n 0, the case i = 0 is obvious. So, let i > 0. Let x be an indeterminate and let
Then by the flat base change property of local cohomology
. So, by the Remarks 2.1 C) and 3.2 d) it suffices to show that the R -module Γ
Therefore, we may replace R and M by R and M respectively and hence assume that R 0 /¤ 0 is infinite. As i > 0 we may replace M by M/Γ R + (M ) and thus assume that Γ R + (M ) = 0. So there is an element x ∈ R 1 which is a non-zerodivisor with respect to M . Now, consider the graded R-module
(M ) and the exact sequence of graded R-modules
As i ≤ g, the R 0 -module H i−1 R + (M ) n is of finite length for all but finitely many degrees n and hence the same holds for U i n . Therefore the graded R-module H
is concentrated in finitely many degrees and has graded components which are Artinian R-modules. So,
is an Artinian R-module. Therefore, by the sequence (α) the R-module 
Proof. By Proposition 4.2 the graded R-module
is K-Artinian and so has a Hilbert-Kirby polynomial P . It remains to show that deg( P ) < g. This we do by induction on g. As usually we may assume that R 0 /¤ 0 is infinite and -as g > 0 -that Γ R + (M ) = 0. So, there is an element x ∈ R 1 which is a non-zerodivisor with respect to M . As length R 0 (H g−1 R + (M ) n ) < ∞ for all n 0 we thus get for all n 0 exact sequences of R 0 -modules
with an R 0 -submodule
= 0 for all n 0 and hence deg( P ) < 1 = g. Now, let g > 1. Observe that g(M/xM ) ≥ g − 1 (cf. Remark 4.1 C)a)). If g(M/xM ) = g − 1 we can use induction to find a polynomial Q ∈ ¥ [x] of degree less than g − 1 such that
If g(M/xM ) > g − 1, we find such a polynomial Q by Theorem 3.6. Thus, for all n 0 we have 0 ≤ P (n) ≤ P (n + 1) + Q(n + 1), and this proves that deg( P ) < g. 
Conversely, let 
Proof. By Proposition 5 .6] we know that the set Ass R 0 (H
So, on use of the flat base change property of local cohomology we get f (M § 0 ) = f and Ass (R 0 
0. Now, if we apply Lemma 4.6 to the R § 0 -module M § 0 , we find some 
for all n 0. Proposition 4.7 shows that if one considers only the subsets of minimal members no extra hypothesis on R 0 is needed to get equality. 4.9. Lemma. Let g < ∞ and S 0 ⊆ R 0 be a multiplicatively closed set such that S 0 ∩ ¤ 0 = ∅ and such that the set P n := {¦ 0 ∈ Ass R 0 (H
Proof. By the graded flat base change property of local cohomology we have isomor-
(M ) n = 0 for all n 0 and hence the above isomorphisms yield claim a). 
is a homomorphic image of a regular local ring, then
If g = f , the same equalities hold without removing
Proof. a) If f = g, we conclude by Proposition 5.6 ]. So, let f < g. By the graded flat base change property there are isomorphisms of R 0 -modules
(M ) n and these show by flatness that
. This allows to replace R and M respectively by R and M and hence to assume that (R 0 , ¤ 0 ) is complete. Now, by the definition of g, the set
is non-empty. As P is countable and R 0 is complete, by the Countable Prime Avoidance Principle (cf. [S-V]), we find an element
If we apply Lemma 4.9 with S = {s k |k ∈ } we get f (M s ) = g. So, by Proposition 5.6 ] there is some m 0 ∈ £ such that
In the notation of Lemma 4.9 we have P n = Ass R 0 (H g R + (M ) n ) \ {¤ 0 }. So, by Lemma 4.9 b) the set P n is asymptotically stable for n → −∞. Moreover, by Proposition 4.2 the set Ass R 0 (H g R + (M ) n ) ∩ {¤ 0 } is asymptotically stable for n → −∞. This proves claim a). b) According to statement a) there is a non-empty set V ⊆ Spec(R 0 ) such that
It suffices to show that V = W. If f = g, this follows by Proposition 4.7. So, let f < g. Let v := dim(R 0 /¦ 0 ) and w := dim(R 0 /¦ 0 ), where 
0. This shows that W ⊆ V and v = w. In view of statement (γ) we get V = W. c) If g = f we may conclude by [B-K-S, Theorem 1.8]. So, let f < g. Now, the set P defined in (α) is finite by statement a) and in addition non-empty. So, we find an element s as in (β). Again we get f (M s ) = g. If we apply [B-K-S, Theorem 1.8] to the graded R s -module M s we get our claim by Lemma 4.9 b) and Remark 4.5 B)b). 
Then, the leading coefficient of Q is given by
Proof. By Theorem 4.10 it is clear that Supp (M ) n ) ≥ 1 for all n 0. Also, under fairly mild conditions on the ring R 0 , there is a natural extension of the mentioned antipolynomiality result to the case where R 0 is of dimension greater than 2. In addition we show that in the case dim(R 0 ) = 2 the function n → length R 0 (0 :
is choosen appropriately and that the R-modules H Proof. By the graded base ring independence of local cohomology, there is an isomorphism of graded R-modules
But according to [B-F- 
). Now we conclude by Corollary 3.5 b).
¡
Next, we prove a result which seems of a certain interest for its own. 
As
3) so are Ker(µ) and Coker(µ). Consider the exact sequences
Now we apply the functor Hom R (R/x 0 R, •) to get the following exact sequences of graded R-modules
As (0 : Ker(µ) x) and (0 : Coker(µ) x) are graded submodules of Ker(µ) and Coker(µ), they both are K-Artinian. Moreover, Ext 1 R (R/x 0 R, Ker(µ)) is a graded subquotient of a finite direct sum of copies of Ker(µ) and thus is K-Artinian. So, the modules (0 : Ker(µ) x), (0 : Coker(µ) x) and Ext 1 R (R/x 0 R, Ker(µ)) admit Hilbert-Kirby polynomials. It thus suffices to show that the function given by n → length R 0 (0 :
x) is antipolynomial of degree less than i. Therefore we may replace M by M and hence assume that Γ 0 R (M ) = 0. Now, x is regular with respect to M . By this argument and the fact that x is ¤ 0 -filter regular with respect to H i R + (M ) n for all n 0, we get for all such n the exact sequences
is K-Artinian with Hilbert-Kirby polynomial of degree less than i. Now in view of (β), Coker(ν) is K-Artinian with deg( P Coker(ν) ) < i. Let S := P Coker(ν) . Then deg( S) < i and on use of (α), (β) we get
for all n 0 and this completes our proof. 5.6. Lemma. Let dim(R 0 ) = 2 and let x ∈ ¤ 0 be a parameter which is a non-zero divisor with respect to M . Then for each i ∈ 0 , the graded module
is K-Artinian with Hilbert-Kirby polynomial of degree less than i. 
for infinitely many n, we conclude by Corollary 3.10. So, we may assume that dim R 0 (H i R + (M ) n ) = 1 for all n 0. By the graded flat base change property of local cohomology there are isomorphisms of R 0 -modules
0 -primary and for each finitely generated R 0 -module 
0. So we may replace M by M and hence assume that Γ 0 R (M ) = 0. Now, according to Remark 5.5 A) there is an element x ∈ ¤ 0 which is a parameter for R 0 and ¤ 0 -filter regular with respect to M and all R 0 -modules
As x is a non-zero divisor with respect to
(M ) n ) and this R 0 -module has dimension 1 for all n 0, we thus get
for all n 0. So, in view of Lemma 5.6 and the short exact sequence
for all n 0. As x is a non-zero divisor with respect to M , we have a monomorphism of graded R-modules H
If we apply the functor Γ 0 R and keep in mind that
0, we may use Lemma 5.2 and set P : Notice that in Theorem 5.7 the only restriction on the base ring R 0 was that dim(R 0 ) = 2. But under reasonably mild conditions on the structure of R 0 , one has the following extension of Theorem 5.7. 5.9. Theorem. Let i ∈ 0 and assume that R 0 is a finite integral extension of a domain or essentially of finite type over a field. Assume that dim R 0 (H 
